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Matrices

2.1 Understand matrix

2.1.1 Identify the characteristics and order of a matrix

A matrix is a rectangular array of numbers.

Numbers in any matrix called as elements and it will be arranged following by row and column

The size of the matrix is called its order, and it is denoted by rows and columns.

Example:
6 8
a) (6 7) = 3 X 2 matrix
8 3
-2
b)(6> = 3 x 1 matrix
-5

C) (2 7 8) = 2 X 3 matrix



2.1.2 Write the identity of a matrix

The matrix | is called an identity matrix because 1A = A and Al = A for all matrices A. This is
similar to the number 1, which is called the multiplicative identity, because 1a = a and al = a for
all real numbers a.

There is no matrix that works as an identity for matrices of all dimensions. For NxN square
matrices there is a matrix INxN that works as an identity.

Identity matrix (1)

Is also a square matrix where all the main diagonal entries are 1 and all the other entries are
zero.

69 (01 0

2.1.3 Write the transposition of a matrix

The transpose of a matrix is a new matrix whose rows are the columns of the original (which
makes its columns the rows of the original). Here is a matrix and its transpose

1 3 9 1 4 7
If A= (4 2 5) therefore the transpose of matrix A, A" = (3 2 8)
7 8 3

The superscript "T" means "transpose”



2.2 Calculate the operation of matrices

2.2.1 Addition of matrices

If two matrices have the same number of rows and same number of columns, then the matrix
sum can be computed

Example:
3 2 1 7 8 9
Let A=({4 5 6) andB=(3 4 5)
1 2 3 4 5 2
Addition
3 2 1 7 8 9
A+B = (4 5 6) + (3 4 5>
1 2 3 4 5 2
7 +3=10
+5=11
10 10 10 6+5
= ( 7 9 11
5 7 5

2.2.2 Substraction of matrices

Example:

If A and B have the same number of rows and columns, then A - B is defined as A + (-B)

3 2 1 7 8 9
A—B=<456 -(345)
1 2 3 4 5 2




2.2.3 Multiplication of matrices

Example :

3 2 1 7 8 9
LetA:456) andB=345)

1 2 3

Scalar multiplication

To multiply a matrix by a scalar, multiply each element of the matrix by the scalar

Example :

3 2 1
LetA=456)

Between matrices

If two rectangular matrices are put in order so that the inner dimension is the same in each, then
the matrices can be multiplied. The result is (in general) a rectangular matrix:

ARxN *BNxC = ZRxC

The product AB (if it can be formed) has the same number of rows as A and the same number of
columns as B. You can think of this as "canceling” the inner dimension. If the inner dimension
cannot be canceled, then the product cannot be formed.



Look at the following product. (For now, ignore how the elements were calculated.)

6 8 52 66
(6 7) (2 3) :<47 60)
5 6
8 3 31 42

This is a 3x2 matrix times a 2x2 matrix. The result is a 3x2 matrix.

Example :

3 2 1 7 8 9
LetA:<4 5 6) andB:<3 4 5)

1 2 3

/32 1\ /7 8 9
AxB=(4 5 6 x<345)
1 2 3 4 5 2
(3x7) + (2x3) + (1x4) = 31

é (3x8) + (2x4) + (1x5) = 37

N N7 —~ ——
<f3 1) (37)(39 | (3x9) + (2x5) + (1x2) = 39

67 82 73
25 31 25



2.3 Solve simultaneous linear equations up to three variables

2.3.1 Use inverse method

Let say we want to solve this linear equations/system by using Inverse method

x+ 8y+ Z= p
33X+ 4y+ 5= p

4x +

Steps:
1.

Sy+ 2z= p

Rewrite in form of AX=Db

Find Inverse of matrix A"l = ﬁ x Adjoint of A

Determinant of matrix A
Minor matrix of A
Cofactor matrix of A
Adjoint matrix of A

coow

Solve the variables

x= A"1b

Determinant

The determinant of a matrix is a special number that can be calculated from the matrix.
It tells us things about the matrixes that are useful in system of linear equations, in
calculus and more.

The symbol for determinant is two vertical lines either side.

|A| means the determinant of the matrix A

Calculating the Determinant

First of all the matrix must be square (i.e. have the same number of rows as columns).
Then it is just a matter of basic arithmetic. Here is how:



For a 2x2 Matrix

For a 2x2 matrix (2 rows and 2 columns):

A= (7 )
The determinant is:
|A| =ad - bc
"The determinant of A equals a times d minus b times c"
Example:
A= (59)
4= [
= 5(8) — 6(7)
=40 — 42
=2

For a 3x3 Matrix

For a 3x3 matrix (3 rows and 3 columns):
a b c
g h i

The determinant is:

|A| = a(ei - fh) - b(di - fg) + c(dh - eg)
"The determinant of A equals ... etc"

It may look complicated, but there is a pattern :

_ e fi.|d f|+ |d e
Al =alp ] b|g il"%lg n



Example:

7 8 9
A=<3 4 5)
4 5 2

=75

Shof? ool 4

|A| = 7[8-25]- 8[6-20]+ 9[15-16]

|A| = -119- (-112)+ (-9)

Al = -16

Or we can use this method

7 8 9
a<(s ¢ )
4 5 2

Al =[(7)(4)(2) + (8)(5)(4) + (9)(R)(5)] — [ (4 + (7)(5)(5) + (8)(3)(2)]
|A| =[56 + 160 + 135] — [144 + 175 + 48]

4| =[351] — [367]



b. Minor,(M j)

If A'is a square matrix, the minor for a; denoted by M; by eliminating the i row and the ji
column.

a1 412 dg3 My My, Miys
IfA=(az az azz| therefore, Minorof A= My, My, My
asz; dsz; dszz M3y Mz, M;s

Example:

7 8 9
IfA:<3 4 5) , then the Minor matrix of A

4 5 2 Find determinant of
2X2 matrix
My, =3 4 5>= |‘; §|=4.2—5.5=—17
5 2

My, =3 5) = |i §|=3.2—5.4= —14

My, = —® Y =35-44=-1
2oz ag) -k



§=82—95=

a=72—94=
g=75—&4=
§=85—94=
g=75—93=
ﬂ=74—&3=

w

S

(o]

S

M11 M12 M13
Therefore the Minor of A= M,y M,, My3
M31 M32 M33

-17 -14 -1
Ma=|-29 —-22 3

4 8 4



c. Cofactor, (C j)
The cofactor , C; for the element a; is defined as C; =(-1)"'M;

Example :

-17 -14 -1 Ci1 Gz Ci3
Ma=|-29 —22 3 | therefore the Cofactorof A= Cy; Cy; Cy3
4 8 4 C31 (35 Cs3

Cp, =(-1"’My,
Cp, = (-1)"*(-14)
C,, = (-1°(-14)
C,=(-1) (-14)

C,=14
Or we can simply apply the “Checkerboard” on the Minor matrix.

(—17 —14 —1) <+ = +) (—17 14 —1)
=29 -22 3 b + & 29 =22 -3
y 6 ) ) W€ ) |2 Y

Minor Matrix Checkerboard Cofactor Matrix

-17 14 -1
Therefore the Cofactor of A = ( 29 =22 -3
4 -8 4

Adjoint, A j;

The Adjoint , A; for the element a; is defined as A, =(C;)’



Example

-17 14 -1 -17 29 4
Cofactorof A=| 29 —22 -3 |therefore the Adjoint matrix of A = ( 14 =22 —8)
4 -8 4 -1 -3 4

Cramer’s rule

Cramer’s Rule for 3 Equations

Given a triple of simultaneous equations
alx + bly +clz=d1

az2x + b2y + c2z = d2

a3x + b3y + c3z=d2

then x, y, and z can be found by

a; by ¢
LetA=<a2 b, cz)

as bz c3

Steps:

=

Find the Determinant of A
2. Setup the matrix of A; and find the determinant of A;

d b o
A= (dz b, Cz)
d; bs ¢
3. Setup the matrix of A, and find the determinant of A,

a, dy ¢
Az = (az d, C2>
as; dz ¢
4. Setup the matrix of Az and find the determinant of A3

a; by dy
Az = (az b, d2>
as bz dj
5. Therefore

A A A

A A A



Example

-2% - 33X, - X =1
Xt 2% T X =
-2X - X, +tX =-3

Write in the form of , Ax =B

-2 3 -1 |x 1

1 2 -1||%x,| =
-2 -1 1| |x -3
A X B

Find the determinant of A

-2 3 -1
A = 1 2 -1
-2 -1 1

SR R
-2 - + ()

-1 1 -2 -2 -
= -20 -3(-1) -3

o = -2

>
I



Find the determinant of A;, A> and Az

1 3 -1
2 - 4 - 4
4 2 -1}, |Ai|:j‘_1 ;‘—%_3 jl+(—l)‘_3 _j
-3 -1 1
=10 -30 -12
=-4

-2 1 -1
4 - 1- 1 4
S IR RCSIC RIS R
-2 -3 1
=-20)-1-1) -1
=-6

>
I

-2 3 1
RN HE R
. ’ -1 - -2 - -2 -
-2 -1 -3

=-2(-2) - 3(5) +1(3)
=-8

Therefore, from the Cramer’s rule

xl—ﬂ—_4 2
A -2
XZ:M:__G::S
A -2
o = A8y 5
ST A -2 O nilai bagi |x,
X3



Exercises

1. Solve the following equation. Given:
-1 2 2 - 0 -2
A= B= C=
3 0 1 4 -3 -1

i) A+(B-C)
iy  (A+B)-C

2. Given A= (_54 g) ,B= G i) and C = (‘1L Z) find the values of

)  (A+B)-C

i) (C+B)A
i) AC — BA
3 2 1 3 3 5 3
3. Given A=<2> B=<4 1 2> C=<2 1 1) , find
4 3 2 4 4 3 1
a) CA+A
b) BC-B
c) 2B-C
4 -2
2 9 -4 4 0 -4
4. If A= B= C=|7 1
6 1 -2 -3 4 5
3
)] 3A-B
i) 4B" +C

il  BC



-1 -3 5
4. Given the minor matrix of M = ( 4 7 2) and its determinant is given as |M| =
-2 6 1
—8, evaluate
)] Adjoint of matrix M, Adj (M)

i) Inverse of matrix M, M

5. Solve the following equations by using Inverse Method

X+2y—-4z=5
a) —-x-y+6z=-6
2x+3y-12z=9
X+2y—-4z=-4
b) 2x+5y-9z=-10
3Xx-2y+3z=11
2X+4y+ 17z= 26

C) 5x —6y+ ¥=- 16!
3x+6y— F= 225

X+ Sy+ 4z= 99
d) 6x —y+7Z=175
4x+06y + z=12°¢



6. Solve the following equations by using Cramer’s Rule

b)

d)

-X+2y+4z=-8
X+2y-z=-2
X+y+2z=2

X+y+2z=4
2x+3y+6z=10
3x+6y+10z=14

X+2y- & = -1
—2X+ Y+ Z =2
3X— 4y + z =-¢
3x—-4y+ =18

-Ox+8y+ 7z=- 1t

5x —7y+1&= 33



